In the current paper, we develop some nonlinear finite difference inequalities and study the boundedness of unknown function. These inequalities in turn can be used as a powerful tool in the analysis of various properties of solutions for various classes of difference equations and its variants.
Introduction
In the past few years nonlinear finite difference inequalities have gained a lot of attention because of their diversified applications in wide range of problems in nonlinear difference equations see [1-5, 7, 8] and the references cited therein. The ambition of enlarging the sphere of applications of these inequalities derived the need of establishing new nonlinear difference inequalities.
The goal of this paper is to extend and generalize some existing nonlinear difference inequalities reported in [3, 4] . The inequalities given here can be used to study the behavior of solutions in aspects of boundedness, uniqueness for some nonlinear finite difference and sum-difference equations. Some applications are also provided to depict the importance of our results.
In this paper N 0 denotes the set of nonnegative integers and for any real valued function x(r), r ∈ N 0 , we let ∆x(r) = x(r + 1) − x(r). Before we proceed forward to our main results, we state here some important lemmas and theorems that will be used in further discussion. [4] ). Let x(r), a(r) and b(r) be nonnegative functions defined on N 0 and d 1 , d 2 be positive constants. If
, for r ∈ N 0 . Theorem 1.3 (S. Sugiyama [5] ). Let x(r) and b(r) be nonnegative functions defined on N 0 and d ≥ 0 be a constant. If
Lemma 1.4 (Zhao [8] ). If p, ω are real numbers such that p ≥ 1 and ω ≥ 0, then
Lemma 1.5 (Zhao [8] ). If p, q, ω are real numbers such that ω ≥ 0, p ≥ q ≥ 0 and p = 0, then
Lemma 1.6 (Kelley and Peterson [6] ). Let x(r) and y(r) be nonnegative functions defined on N 0 . Then ∆x(r)y(r) = x(r)∆y(r) + y(r + 1)∆x(r),
for r ∈ N 0 .
Main Results
In this section, we present some new nonlinear difference inequalities of more general kind and we will obtain bounds on solutions of various problems in the theory of nonlinear finite difference equations. Theorem 2.1. Let x(r), a(r) and b(r) be nonnegative functions defined on N 0 and p ≥ 1 be a constant.Let c 1 , c 2 be positive constants. If
1)
for r ∈ N 0 and 1 − (m 1 c 1 c 2 + m 2 )
3)
for r ∈ N 0 , then
Proof. Define a function z(r) by then v(0) = m 1 c 1 c 2 + m 2 , ∆v(r) = m 1 ∆z(r), z(r) ≤ 1 m 1 v(r). Further since z(r) is monotone nondecreasing function it follows that v(r) is also monotone nondecreasing function. Thus 
respectively. Then (2.11), z(r) ≤ 1 m 1 v(r) and (2.6), altogether completes the proof of the theorem Remark 2.2. We get the inequality established by Pachpatte as given in Theorem 1.2 by taking p = 1. Remark 2.3. If we put p = 1, b(r) = 0, c 2 = 1 or p = 1, a(r) = 0, c 1 = 1 in Theorem 2.1 then we obtain Sugiyama's inequality [5] mentioned in Theorem 1.3.
Theorem 2.4. Let x(r), a(r) and b(r) be nonnegative functions defined on N 0 and p, q, c 3 , c 4 be positive constants such
12)
and 1 − c 3 c 4 r−1 ∑ s=0 Q 2 (s)T 2 (s + 1) > 0, for all r ∈ N 0 , where Q 2 (r) = m 1 n 1 b(r) r−1 ∑ s=0 a(s) + m 1 n 1 a(s) r ∑ s=0 b(s), (2.13) T 2 (r) = r−1 ∏ s=0 1 + m 1 c 3 b(s) + n 2 m 1 b(s) s−1 ∑ σ =0 a(σ ) + n 1 c 4 a(s) + n 1 m 2 a(s) s ∑ σ =0 b(σ ) + c 3 m 2 b(s) + c 4 n 2 a(s) + m 2 n 1 b(s) s−1 ∑ σ =0 a(σ ) + m 2 n 2 b(s) s−1 ∑ σ =0 a(σ ) + n 2 m 1 a(s) s ∑ σ =0 b(σ ) + m 2 n 2 a(s) s ∑ σ =0 b(σ ) ,(2.
14)
for r ∈ N 0 , then 
18)
Theorem 2.6. Let x(r), a(r) and b(r) be nonnegative functions defined on N 0 and p, q, c 7 , c 8 be constants such that
20)
and 1 − c 7 c 8
22)
where n 1 , n 2 are as defined in Theorem 2.4.
Theorem 2.7. Let x(r), a(r) and b(r) be nonnegative functions defined on N 0 and p, q, e 1 , e 2 be constants such that p ≥ q ≥ 1, e 1 e 2 ≥ 1. If
24)
and 1 − e 1 e 2 
, for r ∈ N 0 .
(2.36)
The required inequality follows from (2.36). , for r ∈ N 0 .
(2.38)
Proof. Since e 6 ≥ 1 and p ≥ q, from (2.37) we observe that , for r ∈ N 0 .
(2.46)
Proof. The proof of this Corollary can be completed by following similar arguments as in the proof of Theorem 2.9. where k is assumed to be 1 and Q 1 (r), T 1 (r) are defined as in , for 0 ≤ r ≤ 1,
Applications
Example 3.2. We consider the nonlinear difference equation as
where x(r) is nonnegative function defined on N 0 .Let us suppose that every solution of (3.6) exists on N 0 . We analyze the boundedness behavior of the unknown quantity of (3.6) by finding out the bound. A suitable use of Theorem 2.5 to equation (3.6) gives that
where we take k = 1 and Q 3 (r), T 3 (r) are defined as in Theorem 2.5 with values Clearly (3.8) holds only for r = 0. It follows that the right hand side of (3.7) gives the bound on the solution of (3.6) as
x(r) ≤ 3 r 1 − 3 (3 r r − 3 r + 1) 1 2 , for r = 0.
(3.10) Example 3.3. We analyze the behavior of solution and establish the bound of the following sum-difference equation At the first we examine the boundedness of solution of (3.11) assuming that the conditions (3.12) and (3.14) holds, and let x(r) be a solution of (3.11).Thus we have
Making use of Theorem 2.8, we arrive at | x(r) | ≤ E 1 (r), for all r ∈ N 0 , (3.16)
where Q 6 (r), T 6 (r) are similar as defined in Theorem 2.8 by replacing a with M 1 a 1 and b with N 1 b 1 , this assures that each solution of (3.11) existing on N 0 is bounded. Now we proceed further to examine the boundedness of solution of (3.11) making the consideration that the conditions (3.13) and (3.14) holds. Let x(r) be a solution of (3.11).Thus we have This depicts that the solution x(r) of (3.11) is bounded and stable. in which p, q are same as that of Theorem 2.9, x, h 1 , h 2 , B,C are real-valued nonnegative functions over N 0 . We examine the boundedness of solution of (3.21). Suppose that every solution of (3.21) is existing on N 0 . Take into the consideration the conditions of (3.12) and for s, r ∈ N 0 , holds for functions involved in (3.21) , where e 5 , e 6 are positive constants such that e 6 ≥ 1, M 1 , N 1 , α are nonnegative real constants, a 1 (r) ≥ 0, b 1 (r) ≥ 0 are functions defined over r ∈ N 0 and Q 7 (r), T 7 (r) are same as considered in Theorem 2.9 by replacing a by M 1 a 1 and b by N 1 b 1 . Applying Theorem 2.9 we come to the conclusion that bound E 2 (r) for each solution x(r) of (3.21) exists on N 0 .
